
Abstract When the fluorescence intensity of a chro-

mophore attached to or bound in an enzyme relates to

a specific reactive step in the enzymatic reaction, a

single molecule fluorescence study of the process re-

veals a time sequence in the fluorescence emission that

can be analyzed to derive kinetic and mechanistic

information. Reports of various experimental results

and corresponding theoretical studies have provided a

basis for interpreting these data and understanding the

methodology. We have found it useful to parallel

experiments with Monte Carlo simulations of potential

models hypothesized to describe the reaction kinetics.

The simulations can be adapted to include experi-

mental limitations, such as limited data sets, and

complexities such as dynamic disorder, where reaction

rates appear to change over time. By using models that

are known a priori, the simulations reveal some of the

challenges of interpreting finite single-molecule data

sets by employing various statistical signatures that

have been identified.

Introduction

Recent experimental and theoretical studies show

kinetics of single-molecules provide new information

for the study of reaction mechanisms that compliment

traditional ensemble methods such as steady-state

assays and stopped-flow measurements. New insights

into molecular motions (Ishijima et al. 1991; Ariga

et al. 2002; Forkey et al. 2003), nucleic acid and protein

folding (Ha et al. 1999; Schuler et al. 2002; Yang et al.

2003), protein–DNA interactions (Bianco et al. 2001;

Ha et al. 2002; Pease et al. 2005) and enzyme kinetics

(Lu et al. 1998; Shi et al. 2004; Zhuang et al. 2002;

Oijen et al. 2003) at the single-molecule level have

continued to extend our understanding of the

mechanical, structural as well as functional dynamics in

biological systems. In single molecule spectroscopy, the

molecule to be studied has an intrinsically bound or

covalently attached chromophore, whose fluorescence

intensity differs in different states of the reaction pro-

cess. By following the time evolution of the fluores-

cence, the kinetics of single-molecule events, e.g.

enzyme catalysis or DNA/RNA folding, can then be

monitored. A real-time single-molecule trajectory is a

sequence of dwell times of the molecule residing in the

various states. These times are the waiting times for a

molecule to leave the respective reactive state. Rate

constants of the corresponding reaction can be ob-

tained by plotting the distribution of the individual

dwell times extracted from the whole single-molecule

trajectory.

As an example for enzyme kinetics, flavoenzymes

are a convenient class of enzymes for single-molecule

studies because the oxidized and reduced states of

flavin can be distinguished by the large differences in
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fluorescence (Lu et al. 1998; Shi et al. 2004). Gener-

ally, flavin is fluorescent in the oxidized state but not

fluorescent in the reduced state, therefore single fla-

voenzymes give an on–off blinking fluorescence signal

as the enzyme cycles between the oxidized and reduced

state. Because the fluorescent on-times and non-fluo-

rescent off-times are the waiting times for flavin

reduction and oxidation, respectively, the decay con-

stants derived from the on-time and off-time distribu-

tions are the observed kinetic rate constants for the

reductive and oxidative half reactions.

Raw single-molecule kinetic data are in the form of

a time series of discrete events and appear in a data set

fundamentally different from the traditional ensemble

data that appear in the form of a continuous function

of time, typically given by exponential decays. While

studying reaction kinetics in a time series is common in

areas such as patch-clamp study of single ion channels

(Sakmann and Neher 1995), it is relatively new to the

determination of single-molecule kinetics. Moreover,

the distinct problems of interest in single-molecule

studies, i.e. conformational fluctuations and environ-

mental modulations, entail evaluation of statistical

parameters not common in the single ion channel

studies. Hence, an in-depth understanding of the ki-

netic time series and proper statistical analysis requires

familiarization with a wide variety of anticipated sin-

gle-molecule data sets under different reaction models.

In our single-molecule studies of a flavoenzyme,

dihydroorotate dehydrogenase from Escherichia coli,

we observed interesting static heterogeneity in the

catalytic rates among different molecules (Shi et al.

2004). However, due to the dissociation of flavin from

the holoenzyme, the single-molecule turnover traces

that could be obtained experimentally were generally

too short to allow statistical calculations for individual

traces. It remains unclear whether ambiguity in inter-

pretation of the results from statistical analysis could

arise as a result of a small data set and whether the

kinetic information derived from various statistical

analyses faithfully relate to the reaction model.

To understand the features and characteristics of

single-molecule data sets obtained in the laboratory

and to provide an additional tool to experimentalists

working to interpret single-molecule kinetic data from

various systems, e.g., enzymes, DNA, or RNA, we use

the Monte Carlo method in this paper to simulate

experimental data based on two simple reaction mod-

els (measurement noise is assumed to be sufficiently

small that it does not cause ambiguity in distinguishing

the distinct fluorescent states). The simulated trajec-

tories provide a direct visualization of the distinct

characteristics of the single-molecule time series under

different reaction models. The simulation results

illustrate limitations of standard single-molecule data

analysis methods in recovering kinetic parameters

from the data. Calculations of various statistical

parameters with different values of reaction rates as

well as both small and large simulated single-molecule

data sets provide new insight into the validity of sta-

tistical calculations of different parameters and dem-

onstrate the challenges of using proper statistical

analysis techniques when applied to truncated data sets

resulting from processes such as photobleaching or

dissociation of the fluorophore in single-molecule

measurements. This paper extends our previous report

of Monte Carlo simulation of enzyme kinetics (Shi

et al. 2004), and differs from the recent work of Wit-

koskie and Cao (2004), who used Monte Carlo simu-

lation to examine the usefulness of various predictors

without consideration of experimental limitations.

The specific statistical parameters examined in this

simulation study include the dwell time distribution

function, the autocorrelation function of dwell times,

the correlation function of the fluorescence state, the

joint distribution functions of pairs of dwell times, and

the difference function of dwell times, each discussed

in detail below. We compare the results of Monte

Carlo simulation of these statistical parameters with

the kinetic parameters we know a priori and with

theoretical predictions available in the literatures to

investigate their efficacy and usefulness in practice. In

particular, the two types of correlation functions, the

joint distribution function and the difference function,

have easily identifiable signatures for detecting the

existence of temporal fluctuations of the reaction rate,

sometimes referred to as dynamic disorder (Lu et al.

1998; Edman and Rigler 2000; Kleinekathofer et al.

2003). Kinetic analysis of such dynamic disorder is of

great interest because it provides information about

relatively slow (compared to the inverse reaction rate)

environmental modulation or conformational changes

of the molecule under study during the reaction

(Zwanzig 1990; Wang and Wolynes 1995; Schenter et al.

1999; Cao 2000; Yang and Cao 2001, 2002; Barsegov

et al. 2002; Barsegov and Mukamel 2002; Boguna et al.

2000; Lerch et al. 2002; Vlad et al. 2002; Brown 2003;

Chakrabarti and Bagchi 2003).

Monte Carlo simulation of single-molecule enzyme

kinetics

In the present study we employ a simple first-order

reaction model shown in Fig. 1a, where the molecule

leaves state A for state B with a forward reaction rate,
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ka, and converts back to state A with a backward

reaction rate, kb. State A and B are assumed to be

distinguishable spectroscopically in single-molecule

experiments, i.e. state A is fluorescent (on) and state B

is non-fluorescent (off). The on-time that a single-

molecule resides in state A is a random variable,

dependent on the forward rate ka. Similarly, the off-

time in state B is a random variable depending on the

backward rate kb. Single-molecule events of chemical

reactions are easily simulated using the Monte Carlo

method to randomly generate a sequence of alternat-

ing on- and off-times that conforms to the assumed

models.

It is well-known that the dwell time of a molecule

being in either state A or B is exponentially distrib-

uted. For example, consider the dwell time that the

molecule resides in the fluorescent state A, kaDt is the

probability that the molecule converts from A to B

during Dt, while (1 ) kaDt) is the probability that the

molecule remains in state A. Therefore, PA(t + Dt), the

probability of a molecule being in state A for t + Dt, is

related to PA(t), the probability of a molecule being in

A for time t, by the following equation,

PAðt þ DtÞ ¼ PAðtÞð1� kaDtÞ:

In the limit of Dt fi 0, this defines the differential

equation for PA(t),

dPAðtÞ
dt

¼ �kaPA:

The solution decays as exp()kat). Similar rationale

can be applied to obtain PB(t), the probability that

the molecule resides in the non-fluorescent state B for

time t, as exp()kbt). For more complex reaction

models, the dwell time histograms of both the on-

times and off-times would fit to multiple exponential

decays and the decay constants are functions of the

rate constants of distinct reaction steps. Comparison

of such equations for probability with equations for

the concentrations (i.e., the traditional rate equations)

begin to reveal the significant differences between

data sets obtained, for example in stopped-flow

experiments and single molecule experiments.

The algorithm for randomly generating exponen-

tially distributed on-times (off-times) corresponding

to a first-order reaction as shown in Fig. 1a is given

by the following: Rate constants are used to calculate

the probability, a, of the occurrence of a reaction

leaving the respective state. For example, the prob-

ability of leaving state A is aa = (1 ) exp()kaDt)),

when Dt is the time step of data collection and is

regarded as the unit time in the simulation. In all of

the following simulations, Dt is small so a = k Dt. a is

compared to a uniformly distributed random number

R, generated by the Random function in the standard

Mathematica library, whose value ranges between 0

and 1. Reactions occur when R < a; if R ‡ a, the

molecule remains unperturbed and another value of

R is generated for the next time step. The number of

iterations of random number generation before the

occurrence of a reaction, N (iteration counter), is a

random variable and has a geometric probability

distribution as a(1 ) a)N. In the discrete analysis the

on-time (off-time) is given by N · Dt. While there are

numerous Monte Carlo algorithms for generating

exponentially-distributed dwell times, for example,

the Gillespie simulation algorithm (Gillespie 1977),

the current algorithm is chosen because of its sim-

plicity and ease of implementation for the non-ex-

pert, and also because it reflects the reality of data

acquisition in single-molecule experiments, e.g., the

time-step is generally fixed in the laboratory and not

adjustable under a feedback mechanism. In this

paper, all results are simulated with time step of

Dt = 0.01 s, which is generally the time resolution in

single-molecule experiments and is very small com-

pared to the time scale chosen for the reaction

kinetics (ka, kb < 10 s)1). Simulations have also been

run with other lengths of time step (Dt = 0.001 and

0.005 s) and the results confirm the insensitivity of

our results to the time step chosen. In addition, we

varied the number of turnovers in the single molecule

data sets to evaluate the acceptable lower limit of

Fig. 1 a Reaction scheme of a simple first-order reaction. ka is
the reaction rate leaving state A for state B and kb is the reaction
rate leaving state B for state A. b Reaction scheme of a discrete
two-conformation model. ka, 1, ka, 2, kb, 1 and kb, 2 are the
reaction rates between state A and B. ca, 1, ca, 2, cb, 1 and cb, 2 are
the interconversion rates between the different conformational
states
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data size for deriving information from various sta-

tistical functions, as discussed below. All results of

the simulated single-molecule trajectories are gener-

ated by programs written in Mathematica.

In a stochastic two-conformation model, dynamic

disorder is envisioned as a conformational fluctuation

that results in a reaction rate randomly switching be-

tween two distinctive values, such as ka,1 and ka,2.

Kinetics of the interconversion between species with

different reaction rates (Fig. 1b) is simulated with an

algorithm similar to that mentioned above for the

simple first-order reaction. A random number is first

generated to determine whether the molecule leaves its

current reactive state. If the molecule is to leave for

another state, a second random number is then gen-

erated to determine whether the molecule converts to

a different conformational state (with the same fluo-

rescence characteristic) or a different chemical state

(with different fluorescence characteristic). For exam-

ple, if the molecule is currently in state A1,

aa,1 = (1 ) exp()(ka,1 + ca,1)Dt)), where ka,1 is the

reaction rate and ca,1 is the rate of conformation

interconversion in state A1, is compared to a random

number to determine whether the molecule leaves

state A1. If the result is the molecule leaves state A1,

ba,1 = ca,1/(ka,1 + ca,1) is compared to another random

number to determine whether the process of a con-

formational change (molecule goes to state A2) or a

catalytic reaction (molecule goes to B1) occurs. The

waiting times of the on/off-state are approximated by

N · Dt, where N is the iteration number for the

occurrence of a catalytic reaction.

With eight different kinetic rates in the two-con-

formation model, it is not practical to consider all

possible regions of the parameter space using

numerical simulations (a distinct advantage of an

analytical approach over a Monte Carlo numerical

approach). However, for the purpose of illustrating

the challenge of interpreting single-molecule data, we

consider three limits in terms of the relationship

between the conformation interconversion rates and

the reaction rates which typify in a general way

many common reaction schemes: ca,I, cb,i >> ka,i, kb,i;

ca,i, cb,i ~ ka,i, kb,i; ca,i, cb,i < < ka,i, kb,i (i = 1, 2).

Moreover, in all cases we presume ka,1 = kb,1 = k1,

ka,2 = kb,2 = k2 (so the forward the backward reac-

tion rates are the same in both conformations) and

ca,1 = ca,2 = cb,1 = cb,2 (the interconversion between

conformations occurs at one rate) for simplicity.

While of course this may rarely be the case, the

results are not qualitatively sensitive to variations of

these parameters in the different limits.

Results

The simplest reaction scheme as shown in Fig. 1a in-

volves a single-step random conversion between the on

and off states. Our previous simulation results of such

simple first order reactions have demonstrated the

single exponential characteristic in the dwell time dis-

tribution histogram, and correlation analysis of the on–

off blinking trajectory has confirmed the randomness in

the reaction kinetics, as assumed in the simulation (Shi

et al. 2004). Moreover, a reasonable exponential fit for

the dwell time distribution of the single-molecule tra-

jectories can be obtained with a relatively small data

set (200 turnovers) to extract the observed rate con-

stant with 10% error.

Dwell time distributions of two-conformation

model

The two-conformation model shown in Fig. 1b involves

more complex reaction kinetics because the molecule

is fluctuating between two conformational states that

have distinct reaction rates, which is envisioned as one

model of dynamic disorder. Dwell time distribution

histograms of the simulated reaction trajectories (3,000

turnovers in total) with different rates of conforma-

tional interconversion between reaction rates of

ka,1 = kb,1 = k1 = 5 s)1 and ka,2 = kb,2 = k2 = 1 s)1 are

plotted in Fig. 2 and fit to a multi-exponential decay,

f ðtÞ ¼ C
P

i

aie
�kit; where C is the normalization con-

stant, ki is the observed decay constant of the ith phase

and ai is the corresponding amplitude. When the

interconversion rates (c = 30 s)1) are much faster than

the reaction rates (ka,1 = kb,1 = k1 = 5 s)1 and

ka,2 = kb,2 = k2 = 1 s)1), the histogram fits to a single

exponential decay and the observed rate derived from

the dwell time distribution is 3.0 – 0.1 s)1, the average

of the reaction rates (5 and 1 s)1), as expected

(Fig. 2a). When the interconversion rate (c = 0.3 s)1) is

much slower than the reaction rates, the dwell time

distribution fits to a bi-exponential decay, and dem-

onstrates the heterogeneity with two phases corre-

sponding to 5.4 – 0.2 and 1.2 – 0.3 s)1 (Fig. 2c, d). The

derived rate constants are similar to their theoretical

value (k + c) of 5.3 and 1.3 s)1. At an intermediate

interconversion rate (c = 3 s)1), results also show two

kinetic phases and fit to a bi-exponential decay

(Fig. 2b). The rate constants, 9.2 – 1 and 2.4 – 0.2 s)1,

derived from the distribution are similar to the theo-

retical values (Yang and Cao 2001), 9.6 and 2.4 s)1.

The error in the fitting results of the on-time histogram
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decreases as the size of the data set increases,

approaching the theoretical values.

Our simulation and fitting results show that kinetic

parameters of the system can be obtained accurately

(within one standard deviation of the theoretical

value). Nonetheless, interpreting the extracted kinetic

parameters is highly model dependent. Without

knowing the reaction model a priori, the bi-expo-

nential feature in the dwell time histogram could be

produced by a model based on multiple reaction

intermediates or on multiple conformations. More-

over, correlating the observed rate constants to the

microscopic kinetic rate constants is in general

complex. For our simple two-conformation model,

the observed rate constants of the two exponential

phases in the dwell time histograms, analytically de-

rived as follow, are already non-linear functions of

both the reaction rates and conformation intercon-

version rates (Yang and Cao 2001).

kobs ¼
1

2
ðk1 þ k2Þ þ c� 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðk1 � k2Þ2 þ 4c2

q

:

It can be anticipated that the observed rate constants

for reaction models with more complex conformational

dynamics would have more complex dependence on

the microscopic kinetic rate constants. Therefore,

determination of the microscopic kinetic information

and the appropriate reaction model requires evaluation

of other statistical parameters to provide additional

information, such as calculation of correlation param-

eters that are discussed below.

In the case of slow conformational modulation

(c = 0.3 s)1) in the two-conformation model, there is

Fig. 2 Histogram of the on-time distributions of a simulated
data set of 3,000 turnovers, in which a single molecule

interconvertes between reaction rate of 5 and 1 s)1. The

histogram is fit to f ðtÞ ¼ C
P

i

aie
�kit; where C is the normalization

constant, ki is the observed decay constant of each phase and ai is
the amplitude. a Interconversion rate c = 30 s)1. As expected,

the observed rate constant, 3 s)1, is the average of the two
reaction rates. b Interconversion rate c = 3 s)1. c Interconversion
rate c = 0.3 s)1. Both b and c demonstrate heterogeneity with
two kinetic phases. d On-time distribution of the data shown in
(c) plotted in log-linear scale reveals the multiexponential nature
of the decay more clearly
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a much higher amplitude associated with the con-

formation with a fast reaction rate (94%) in the

dwell time histogram, as compared to the slow rate

component (6%). The significant skew towards the

fast component is due to the higher order depen-

dence on the rate constants of each conformation as

shown by the analytic solution of the dwell time

distribution for a two-conformation model. The two

exponential components relate to the two distinct

conformations and the prefactors of each exponential

are determined by complex combinations of the rate

constants of both reaction and conformation con-

version. When the rate of conformation conversion is

much slower than the reaction rates (c < < ka,i, kb,i,

i = 1, 2, the limiting case is static heterogeneity), the

dwell time distribution of on-times can be reduced to

a bi-exponential decay given by (Yang and Cao

2001),

faðtÞ � N�1ððka;2 þ kb;2Þ � k2
a;1kb;1e�ka;1�t

þ ðka;1 þ kb;1Þ � k2
a;2kb;2e�ka;2�tÞ

where N = 2c (ka,1 + kb,1)(ka,2 + kb,2)(ka,1 kb,1 (ka,2 +

kb,2) + ka,2 kb,2 (ka,1 + kb,1)) is the normalization

factor.

Therefore, in the limit of small c, the decay con-

stants derived from the two exponential components

approximately equal the reaction rate constants of the

two distinct conformations. The prefactors become

proportional to ka,i kb,i in the case of our simulation

when ka,i = kb,i. Intuitively, when ka is large, the

probability of the occurrence of an on-to-off reaction

event in a given time is large, and when kb is large,

the relative frequency of the molecule residing in the

on state is large. Because ka,i kb,i is large in the

conformation with fast reaction rates, compared to

that of the conformation with slow reaction rates, the

total number of reaction events observed for the fast

reacting conformation would be significantly larger

than that observed for the slow conformation, thus

accounting for significant amplitude in the on-time

distribution. The ka,i kb,i dependence of the prefactor

in the single-molecule data is clearly different from

the linear ka,i (or kb,i) dependence derived from

ensemble stopped-flow measurements of half-reac-

tions. It significantly skews the dwell time distribution

histogram towards the fast components. Plotting the

dwell time distribution histogram in log-linear scale

(Fig. 2d) improves the visibility of the slow compo-

nent, but analysis based on the simulation results

shows that because of the skewing effect the slow

component (1 s)1) can only be detected with a data

set larger than 2,500 turnovers.

Auto-correlation and cross-correlation parameters

The effect of dynamic disorder on the reaction kinetics

of the two-conformation model can be evaluated by

different correlation analyses that were introduced by

different research groups. We first calculate a correla-

tion parameter r(m) for on-times or off-times. For

single molecule spectroscopy the autocorrelation

parameter for pairs of on-times (off-times) has been

defined as (Kendall and Ord 1990),

rðmÞ ¼
n2

n�m

Pn�m
i¼1 titiþm � ð

Pn
i¼1 tiÞ2

n
Pn

i¼1 t2
i � ð

Pn
i¼1 tiÞ2

; ð1Þ

where ti is the on-time (off-time) for the ith reaction

event, m is the number of reaction events separating

the pairs of on-times (off-times) in sequence, and n is

the total number of on-times (off-times). Similarly,

correlation between consecutive on-times and off-

times can be evaluated with a cross-correlation

parameter defined as,

where ti
on and ti

off are on-time and off-time, respec-

tively.

The auto-correlation parameter r(m) for sequential

on-times from reaction trajectories simulated with

ka,1 = kb,1= k1 = 5 s)1 and ka,2 = kb,2= k2 = 1 s)1 is

shown in Fig. 3. For interconversion rates c = 30 and

3 s)1, there appears to be no observable dynamic cor-

relation in the time scale of the reactions (Fig. 3a, b).

For the slower interconversion rate c = 0.3 s)1 (3.3-fold

slower than the slow reaction rate), the apparent decay

in the auto-correlation parameter is a clear indicator of

the existence of dynamic fluctuations (Fig. 3c). We

took the usual approach to fit r(m) to a single expo-

nential and the observed decay constant is 1.1 – 0.2

turnovers, indicating on-times separated by roughly

1–2 turnovers are correlated. Although there is no

analytical form of r(m) to correlate the decay constant

rcðmÞ ¼
n2

ðn�mÞ
Pn�m

i¼1 ton
i � toff

iþm � ð
Pn

i¼1 ton
i Þð

Pn
i¼1 toff

i Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n
Pn

i¼1 ðton
i Þ

2 � ð
Pn

i¼1 ton
i Þ

2
q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n
Pn

i¼1 ðtoff
i Þ

2 � ð
Pn

i¼1 toff
i Þ

2
q ; ð2Þ
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to the interconversion rate and reaction rates, it pro-

vides insight into time scale of the system retaining its

‘‘memory’’ of the previous reaction steps. r(m) appears

to be a better statistical parameter than the dwell time

distribution in identifying the existence of multiple

reaction channels. This is evident in noting that the

correlation feature of decay in r(m) for slow inter-

converion between two reaction rates is readily ob-

servable with a data set as small as 500 turnovers, while

the slow component in the dwell time distribution of

the same two-conformation model is not detectable for

data sets smaller than 2,500 turnovers.

Second-order correlation function of fluorescent

states

The dynamic fluctuations can also be quantified by

correlating the sequential fluorescent (on) states and

non-fluorescent (off) states. The time evolution of the

single-molecule fluorescence signal can be described by

a state variable, n(t), where n(t) = 1 for fluorescent

states and n(t) = 0 for non-fluorescent states. The sec-

ond-order correlation function of n(t) is given by

(Schenter et al. 1999),

C2ðsÞ ¼
hnðtÞnðt � sÞi � hnðtÞi2

hnðtÞ2i � hnðtÞi2
: ð3Þ

We calculated C2(s) for the simulated single-mole-

cule data sets shown in Fig. 3. As illustrated in Fig. 4,

the distinction between C2(s) calculated for models

with dynamic disorder (c = 0.3 s)1) and without

apparent dynamic disorder (c = 30 s)1) is less evident

compared to that of the autocorrelation parameter,

r(m). The analytical form of the second-order corre-

lation function of n(t) was derived by Schenter et al.

(1999), for a two-conformation model with the same

kinetic parameters we chose for our simulation,

Fig. 3 Auto-correlation function r(m) of on-times with single
molecule interconverting between reaction rate of ka, 1 = kb,

1 = 5 s)1 and ka, 2 = kb, 2 = 1 s)1 (3,000 turnovers in total).
a Interconversion rate c = 30 s)1. b Interconversion rate
c = 3 s)1. c Interconversion rate c = 0.3 s)1. Dynamic correlation

is observed in the slowly fluctuating molecules, but not in
molecules with fast and intermediate interconversion rates. The
decay is fit to an exponential, giving an observed decay half-life
of 1.1 – 0.2 s
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C2ðsÞ ¼
e�kþt

2b
½cðe2bt � 1Þ þ bðe2bt � 1Þ�;

where k+ = k1 + k2 + c + b, and b ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

c2 þ ðk1 � k2Þ2
q

:

Therefore, theoretically the conformation intercon-

version rate can be quantified under the two-confor-

mation model by fitting the experimentally obtained

C2(s) to the theoretical function, assuming the reaction

rate constants, k1 and k2, are derived from other sta-

tistical analyses, such as dwell time distribution histo-

gram. However, such quantification is again model

specific. Given the subtle difference in C2(s) between

systems with and without dynamic disorder as shown in

Fig. 4 and its complex dependence on interconversion

rates and reaction rates, it is in general difficult to

employ C2(s) to identify and quantify dynamic fluctu-

ations in reaction rates under an unknown model.

Additional correlation functions

In the theoretical studies of single-molecule kinetics by

Cao et al. (Cao 2000; Yang and Cao 2001, 2002) and

Mukamel et al. (Barsegov et al. 2002; Barsegov and

Mukamel 2002), three additional correlation functions

were employed as signatures to infer dynamic disorder.

One is the joint distribution function f(t1, t2) for

sequential dwell times [an on-time (off-time) of t1 fol-

lowed by an on-time (off-time) of t2]. The second one

is the difference function d(t1, t2) defined as d(t1, t2) =

f(t1, t2) ) f(t1)f‘(t2), where f(t) and f¢(t) are the proba-

bility distribution functions of on-times and off-times

and f(t1, t2) is the joint distribution function of pairs of

on-times and off-times. The third one is the same-time

difference function d(t, t), which is the diagonal value

of d(t1, t2).

Given the single-molecule reaction trajectories,

f(t1, t2) is determined by counting the occurrence of

pairs of dwell times that are t1 and t2, respectively. If

the reaction events are not correlated, the joint distri-

bution is given by f(t1, t2) = f(t1)f¢(t2), where f(t) and

f¢(t) is the probability function of dwell times, i.e. on-

times or off-times. The overall characteristic of the

joint distribution function f(t1, t2) is a two-dimensional

exponential decay along the coordinates of t1 and t2. As

predicted by the theoretical calculations, when the rate

of conformation interconversion is slow, as resulting

from a slow environmental modulation, dynamic cor-

relation in a two-conformation model appears in the

2D distribution plot of f(t1, t2) as an initial slow decay,

relative to that demonstrated in a one-conformation

model, and a long tail (Barsegov et al. 2002; Barsegov

and Mukamel 2002). Such characteristics disappear

as the interconversion rate increases. In addition,

increasing the size of the data set does not appear to

bring up new correlation patterns.

The difference function, d(t1, t2) = f(t1, t2)

) f(t1)f¢(t2), is an alternative means to identify the

existence of a correlation between the consecutive on-

times and off-times because when there is no dynamic

correlation, f(t1, t2) = f(t1)f¢(t2) so d(t1, t2) = 0. The

difference function is conceivably more sensitive in

detecting dynamic correlation than the joint distribu-

tion function because it subtracts the contribution of

the uncorrelated response, f(t1)f¢(t2), from the joint

distribution function.

Indeed the 2D plot of the difference function d(t1, t2)

for sequential on-times derived from the simulated

data of the two-conformation model with slow inter-

conversion rate c = 0.3 s)1 shows an interesting diag-

onal feature for data set larger than 20,000 turnovers,

signifying the existence of dynamic fluctuation in the

reaction rates, where the on-times (off-times) show a

dependence on the previous on-times (off-times)

(Fig. 5). Unfortunately, the diagonal correlation sig-

nature is not readily identifiable with small data sets

( < 20,000 turnovers), which are typical in most of the

single-molecule experiments due to photodestruction

of the fluorophore. A similar diagonal feature was re-

ported for cholesterol oxidase (Lu et al. 1998), though

in that case it was observed in the joint distribution

function, f(t1, t2). Interestingly, the 2D plot of just the

joint distribution function for the data plotted in Fig. 5

reveals no obvious diagonal structure, even when the

effect of static heterogeneity is included in the reaction

model. This suggests the model for cholesterol oxidase

Fig. 4 Second order correlation function, C2(s), of the fluores-
cent state variable, n(t). Single-molecule data sets were obtained
with reaction rate of ka, 1 = kb, 1 = 5 s)1, ka, 2 = kb, 2 = 1 s)1

(3,000 turnovers in total), and interconversion rate c = 30, 3, and
0.3 s)1, respectively (color figure available online)
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catalysis is more complex than that considered in

Fig. 1b.

Cao (Cao 2000; Yang and Cao 2001) suggested

that the time evolution of the same-time difference

function d(t, t), which is the diagonal value of d(t1, t2)

when t1 = t2 = t, provides another signature of dy-

namic conformational fluctuation. Theoretical analy-

sis of d(t, t) showed that in addition to the initial

maximum at t = 0, d(t1, t2) has a small echo peak at

time te when dd(t, t)/dt = 0. Cao formulated that the

echo time te in the same-time difference function

directly measures the conformational fluctuation rate

and the amplitude of the echo probes the variance of

the reaction rates (Yang and Cao 2001). To compare

the simulation results with the theoretical results

explicitly given by Cao (2000), we calculate the same-

time difference function d(t, t) for pairs of on-times

and consecutive off-times with the simulation data

set. As shown in Fig. 6a, the fluctuation of d(t, t) as

indicated by the error bar is large compared to its

theoretical value, thus, within the context of typical

experimental data, it would be challenging to infer

the echo peak. The correlation becomes more distinct

when the size of the single-molecule data set is sig-

nificantly increased (Fig. 6). However, with a data set

consisting of 40,000 turnovers, our results still do not

show a clear signature of correlation echo, The rea-

son for the need of a very large data set to infer the

correlation features from d(t, t) is probably due to

fact that d(t, t) only involves the diagonal values of

d(t1, t2), neglecting most of the available data. In

practice it is difficult to obtain such large data sets

because of photobleaching or fluorophore dissocia-

tion. Therefore, it might be challenging to quantify

conformational fluctuations with the same-time dif-

ference function d(t, t) derived from experimental

data, though in theory it provides important infor-

mation about the process.

Fig. 5 2D plot of the difference function d(t1, t2) for pairs of
sequential on-times for a molecule with interconversion rate of
0.3 s)1. The value of d(t1, t2) is shown in a color scale utilizing the
Hue function in Mathematica. The value of d(t1, t2) decreases

from color red to blue. The diagonal feature is more readily
identifiable when the size of the data set increases: a 3,000
turnovers, b 10,000 turnovers, c 20,000 turnovers, d 40,000
turnovers (color figure available online)
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Discussion and conclusion

Our simulation analysis examines some of the key

questions in the laboratory regarding extracting kinetic

information from single-molecule data, such as how big

a data set is needed and the level of confidence in the

statistical analyses. The ability to resolve among spe-

cific reaction models depends on the amount of avail-

able data, the noise in the system (not addressed in this

paper), and the differences between various fitting

parameters. For example, we have shown that in order

to distinguish the two-conformation model shown in

Fig. 1b from the single conformation model (Fig. 1a)

by dwell time distribution, the data set has to consist of

over 2,500 turnovers under the parameters we simu-

lated. In addition, if the difference between the reac-

tion rates of the distinct conformations as well as the

difference between the reaction rate and conformation

interconversion rate are not significant, the presence of

multiple conformations would not be identifiable

through statistical analysis of typical single-molecule

data. Simulation results of various reaction rates and

conformation interconversion rates (data not shown)

revealed that r(m), the correlation parameter of dwell

times that is shown to be most sensitive in detecting

dynamic disorder, only demonstrates a pronounced

decay feature when ka,1 ‡ 3ka,2 and ka,2 > 2c in our two-

conformation model. Therefore, at least a threefold

difference between the kinetic parameters is necessary

to characterize the existence of multiple conformations

with different reactivity.

In practice, the amount of available data derived

from a single-molecule experiment, i.e. the number of

turnovers observed for a single fluorophore, is limited

by photobleaching or by fluorophore dissociation from

the protein, as in our study of flavoprotein. Given a

fixed number of total available photons (accounting for

detection efficiency and photobleaching), N0, the

Fig. 6 Same-time difference function d(t, t) for pairs of on–off
events for a molecule with interconversion rate of 0.3 s)1. The
red lines denote the theoretical value of d(t, t) derived according
to Reference (Sakmann and Neher 1995). A smaller scale
(between )0.02 and 0.1 s) is used in the insets in order to show

the small echo peak. Significant fluctuation of the data makes it
difficult to resolve the echo peak in data set with a 3,000
turnovers and b 10,000 turnovers. The echo peak is more readily
identifiable in data set with c 20,000 turnovers and d 40,000
turnovers (color figure available online)
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number of fluorescence on–off cycles of a single-flu-

orophore can be roughly estimated as follow. For the

simple two-state model defined in Fig. 1a with forward

and backward reaction rates of ka and kb, respectively,

let kf be the faster of the two. The size of the time bin

(timing resolution) can be selected as Dt = v kf
)1, where

0 £ v £ 1 is the fraction of the fastest transition time,

kf
)1. The photon detection rate is then e = N/Dt = Nkf /

v , where N is the number of photons detected in a time

bin and is determined by the desired signal to noise

ration g ¼ N=
ffiffiffiffi
N
p
¼

ffiffiffiffi
N
p

: On average, the typical

duration of the fluorescence on-state is ka
) 1. Hence, the

average number of photons detected in a cycle between

the fluorescence on- and off-state is given by
�Ndet ¼ k�1

a e ¼ v�1N kf=ka

� �
: This then gives the total

number of cycles observed in the single-molecule

measurement, Ntot:cycles ¼ N0
�Ndet
¼ v ka

kf

� �
N0

g2

� �
: For a sim-

ple case, assuming kf = ka, v = 0.1 for a time bin of 10%

that of the inverse forward rate constant, a signal-to-

noise ratio of g = 3.3 (N = 10), and a total number of

N0 = 105 detected photons (limited for example by

photobleaching, detection efficiency, etc), it can be

estimated that Ntot.cycles = 103. One can optimize the

experimental setup and the rate of data acquisition to

maximize the number of observed data, as discussed by

Shi et al. (2006).

The above estimation indicates that it may be pos-

sible to obtain a relatively large single-molecule data

set for photostable chromophore covalently attached

to biomolecules in study (Ha et al. 1999; Zhuang et al.

2002). However, for systems with a non-covalently

bound chromophore like the flavoproteins, the disso-

ciation rate is too fast to allow observation of the

chromophore for more than a relatively small number

of turnovers (Shi et al. 2004), resulting in single-mol-

ecule data set of limited size.

Static heterogeneity is another interesting feature

that can be probed by single-molecule experiment,

although this simulation study has focused on the

practicality and viability of obtaining information of

dynamic disorder involved in the system by different

statistical analyses. Note that static heterogeneity is

not visible from analysis of individual reaction traces

because such heterogeneity exemplifies in the differ-

ence between molecules. Therefore, one needs to

compile a data set from a number of different mole-

cules and then compare the results for each molecule

to detect variation in the population. In our experi-

mental study of DHOD, we employed distribution of

averaged reaction rate of each molecule and distri-

bution of individual on-times to display and quantify

static heterogeneity in DHOD catalysis (Shi et al.

2004). It is possible that dynamic heterogeneity would

show up as static heterogeneity in single-molecule

analysis if the time scale for conversion from one

conformation to another is long compared to the time

duration of the individual data set. In such case the

individual reaction trajectory is relatively short so it

may not comprise turnover events in all of the con-

formational states. Hence, it is possible to confuse

static and dynamic heterogeneity with a small single-

molecule data set.

Dynamic disorder can be potentially quantified by

the characteristic decay time of the correlation

parameter r(m), the correlation function C2(s), the

difference function d(t1, t2), and the echo peak of the

same time difference function d(t, t). From our sim-

ulation results, it can be inferred that under the limit

of the parameters we simulated, if no kinetic infor-

mation is known a priori, r(m) is the most sensitive

parameter to identify the existence of dynamic dis-

order and also quantify the relaxation time scale of

such dynamic disorder, although the exact relation

between the observed decay rate of r(m) and the

interconversion rate between conformations is com-

plex and not easily derivable in general. The small

difference in C2(s) between a random system and

systems with dynamic disorder makes it difficult to

use C2(s) to characterize dynamic disorder. The small

amplitude of the echo peak of d(t, t) poses similar

difficulty in practice. We have also used a 2D plot

in the paper (Fig. 5) to display dynamic correlation

revealed by the difference function. Although the 2D

plot conveniently demonstrates correlation features

visually, it is difficult to quantify the diagonal pattern

because of the complexity in deriving the analytic

form for the difference function. So in general the

2D plot is employed only to display and visualize

dynamic correlation qualitatively, instead of display-

ing quantitative information.

A variety of chemical reactions and biological pro-

cesses exhibit the characteristics of first-order kinetics

assumed in our simulation. Therefore, it is reasonable

to apply our simulation results to a wide range of sin-

gle-molecule experimental data sets and this approach

should help improve the understanding of more com-

plex reaction kinetics. Moreover, we anticipate that

our results and conclusions concerning the character-

istics of the correlation dynamics remain valid for other

more complex reaction models with multiple reaction

steps, such as enzymatic reaction involving substrate

binding and product dissociation, as long as all the

individual steps are stochastic. For reactions that

involve multiple intermediate steps, the dwell time

distribution of the single-molecule trajectories would
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exhibit a multi-exponential characteristic. And the

decay rate constants obtained from the distribution are

a function of the kinetic rates of all individual steps. If

all the reaction steps are stochastic, the waiting times

that the molecule resides in each intermediate state are

still random variables so the overall dwell time as the

sum of random variables remains random.

In summary, a simulation study that generates sin-

gle-molecule data sets based on different hypothesized

models under experimental limitations is an effective

measure to parallel statistical analysis of the experi-

mental data to determine the appropriate reaction

model. In addition, in the presence of dynamic disorder

our simulation and analytical results show that the

dwell time distribution histogram of single-molecule

reaction trajectories is significantly skewed towards the

fast reaction states due to the higher order dependence

of the exponential prefactors on the reaction rates of

the different conformational states. Moreover, our

correlation analyses suggest that the auto-correlation

parameter r(m) is the most straightforward function for

quantifying dynamic disorder arising from fluctuations

between multiple conformational states and can iden-

tify multiple reaction channels with a relatively small

data set. The correlation function of fluorescent state,

joint distribution function and difference distribution

function are theoretically more informative; however,

considering their subtle characteristics and relatively

small amplitudes derived from even data simulated in

ideal conditions with a large number of turnovers and

no noise, it appears difficult to employ them for

probing dynamic disorder with experimental single-

molecule data of limited size.
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